We continue to investigation the space of abstract Uryson operators U(E, F ), acting between vector lattices E and F . We introduce a new class of orthogonally additive, disjointness preserving operators which called Uryson lattice homomorphisms. We consider some examples of this operators and prove the Meyer type theorem.
Introduction
The theory of linear disjointness preserving operators in vector lattices is the old and well-studied area of Functional Analysis (see, for instance [6] and references therein). In [12] were established that every regular order continuous linear operator T from order complete lattice E to order continuous Banach lattice F has a unique representation T = T N + T D , where T D belongs to the band, generated by the disjointness preserving operators and T N is a narrow operator. The theory of narrow operators is represented in the monograph [20] (see also [2, 7] ). On the other hand orthogonally additive operators in vector lattices and lattice-normed spaces, which had been introduced in [13] , now are the field of intensive investigations ( [1, 5, 9, 10, 16, 17, 18, 19, 21] ). The aim of this note is to introduce the new class of disjointness preserving, orthogonally additive operators in vector lattices, which called Uryson lattice homomorphisms. We discuss some examples of this operators and prove the Meyer type theorem.
Preliminary information
The goal of this section is to introduce some basic definitions and facts. For standard information on vector lattices we refer to [3, 11] . All vector lattices below are assumed to be Archimedean. Definition 2.1. Let E be a vector lattice, and let F be a real linear space. An operator T : E → F is called orthogonally additive if T (x + y) = T (x) + T (y) whenever x, y ∈ E are disjoint.
It follows from the definition that T (0) = 0. It is immediate that the set of all orthogonally additive operators is a real vector space with respect to the natural linear operations. Definition 2.2. Let E and F be vector lattices. An orthogonally additive operator T : E → F is called:
• positive if T x ≥ 0 holds in F for all x ∈ E;
• order bounded it T maps order bounded sets in E to order bounded sets in F . An orthogonally additive order bounded operator T : E → F is called an abstract Uryson operator.
The set of all abstract Uryson operators from E to F we denote by U(E, F ). We shall consider some examples. The most famous one is the nonlinear integral Uryson operator. Example 1. Let (A, Σ, µ) and (B, Ξ, ν) be σ-finite complete measure spaces, and let (A × B, µ × ν) denote the completion of their product measure space. Let K : A × B × R → R be a function satisfying the following conditions
Given f ∈ L 0 (B, Ξ, ν), the function |K(s, ·, f (·))| is ν-measurable for µ-almost all s ∈ A and h f (s) := B |K(s, t, f (t))| dν(t) is a well defined and µ-measurable function. Since the function h f can be infinite on a set of positive measure, we define
Let E and F be order ideals in L 0 (ν) and L 0 (µ) respectively, K a function satisfying (C 0 )-(C 2 ). Then ( ) defines an orthogonally additive order bounded integral operator acting from E to F if E ⊆ Dom B (K) and T (E) ⊆ F .
Example 2. We consider the vector space R m , m ∈ N as a vector lattice with the coordinate-wise order: for any x, y ∈ R m we set x ≤ y provided
In this case we write T = (T i,j ).
Let E be a vector lattice and x ∈ E. Recall that an element z ∈ E is called a component or a fragment of x if z⊥(x − z). The set of all fragments of an element x is denoted by F x . The notations z x means that z is a fragment of x. The equality
Consider the following order in U(E, F ) : S ≤ T whenever T − S is a positive operator. Then U(E, F ) becomes an ordered vector space. If vector lattice F is Dedekind complete we have the following theorem.
Theorem 2.3. ([13],Theorem 3.2)
. Let E and F be a vector lattices, F Dedekind complete. Then U(E, F ) is a Dedekind complete vector lattice. Moreover for S, T ∈ U(E, F ) and for f ∈ E following hold
Examples and some properties of disjointness preserving operators
In this section we consider some examples of disjointness preserving abstract Uryson operators in vector lattices and describe some of their properties.
An abstract Uryson operator T : E → F is called disjointness preserving if T (x)⊥T (y) for all x, y ∈ E with x⊥y. The set of all disjointness preserving abstract Uryson operators is solid ( [19] , Theorem 7.3). In particular, an abstract Uryson operator T : E → F is disjointness preserving if and only if |T | is. The most important example of a nonlinear disjointness preserving operator is a following one.
Example 3. Let (Ω, Σ, µ) be a σ-finite and complete measure space. Let E be a vector sublattice of the space L 0 (µ) of all µ-measurable and µ-almost everywhere finite functions on A, where µ-a.e. equal functions are identified. Consider a function N : A × R → R satisfying:
Thus T is a disjointness preserving orthogonally additive operator.
These operators are known in a literature as a nonlinear superposition operators or Nemytskii operators (see [4] ).
In the linear case the well known example of disjointness preserving operator is a lattice homomorphism. Now, we introduce an similar class of operators in the case of an abstract Uryson operators.
Definition 3.1. Let E be a vector lattice and X a vector space. An orthogonally additive map T : E → X is called even if T (x) = T (−x) for every x ∈ E. If E, F are vector lattices, the set of all even abstract Uryson operators from E to F we denote by U ev (E, F ).
If E, F are vector lattices with F Dedekind complete, the space U ev (E, F ) is not trivial (see [13] , Prop. 3.4). Let us see how the theory of linear regular operators is related with the theory of abstract Uryson operators. Let F be Dedekind complete. Define ϕ : L r (E, F ) → U(E, F ) by ϕ(T )(f ) := |T |f . It is clear that ϕ(T ) is an even positive Uryson operator, for every T ∈ L + (E, F ). Take a lattice homomorphism T ∈ L + (E, F ). Then ϕ(T ) ∈ U ev + (E, F ) and 1) ϕ(T )(x ∨ y) = ϕ(T )(x) ∨ ϕ(T )(y) for every x, y ∈ E + . 2) ϕ(T )(x ∧ y) = ϕ(T )(x) ∧ ϕ(T )(y) for every x, y ∈ E + . This example give us a motivation for the following definition. 
The set of all Uryson lattice homomorphisms from E to F is denoted by UH(E, F ). It is clear that every T ∈ UH(E, F ) is an increasing operator in E + . Example 5. Let E, F be vector lattices with F Dedekind complete, ϕ : L r (E, F ) → U(E, F ) be an embedding of the space of all linear regular operators to the space of abstract Uryson operators from E to F , and T ∈ L + (E, F ) be a linear lattice homomorphism. Then ϕ(T ) is a Uryson lattice homomorphism.
Lemma 3.4. Let (A, Σ, µ) be a σ-finite complete measure space and E be an order dense ideal in L 0 (µ). Let N : A × R → R + be a function satisfying the following conditions:
(1) N (t, 0) = 0 for µ-almost all t ∈ A; (2) N (·, f (·)) is µ-measurable for all f ∈ E; (3) N (t, ·) is increasing on R and N (t, r) = N (t, −r) for µ-almost all t ∈ A and all r ∈ R. Then the operator T : E → L 0 (µ), defined by the formula T (f )(t) := N (t, f (t)) is an Uryson lattice homomorphism.
Proof. It is clear that T ∈ U ev + (E, F ). Take f, g ∈ E + and let B := {t ∈ A : f (t) ≥ g(t)}, G := {t ∈ A : g(t) > f (t)}. Remark that A and B are disjoint measurable sets and T is the disjointness preserving operator. Since N is the increasing function for for µ-almost all t ∈ A we have that
We must to prove the converse inequality. Now, we may write
and therefore T (f ∨ g) = T (f ) ∨ T (g). The second equality from 3.3 can be proved analogically.
Lemma 3.5. Let E, F be vector lattices and F be Dedekind complete. Let T ∈ U(E, F ) be Uryson lattice homomorphism. Then T is a disjointness preserving operator.
Proof. Take x, y ∈ E, such that |x|⊥|y|. Then we have
and therefore
It is well known that in the case, when the vector lattice F is Dedekind complete, the space of all linear order bounded operators L b (E, F ) coincides with the set of all linear regular operators L r (E, F ) (i.e., operates majorized by a positive one). For abstract Uryson operators the similar result hold. (1)T is increasing in E + ; (2) |T e| ≤T (e), for every e ∈ E.
OperatorT : E → F is defined by the formulaT e = sup{|T |g : |g| ≤ |e|}. The following theorem is nonlinear version of the Meyer theorem [14] . Theorem 3.7. Let E, F be vector lattices and F be Dedekind complete, T : E → F be an abstract Uryson operator. Then T is a disjointness preserving operator if and only if T ∈ UH(E, F ).
Proof. Let T ∈ UH(E, F ) and take x, y ∈ E, such that x⊥y. By Lemma 3.5, T is a disjointness preserving operator and |T | ≤ T . Then we have |T x| ∧ |T y| ≤ |T |x ∧ |T |y ≤ T x ∧ T y = 0. Now, let T be a disjointness preserving operator. Then |T | be the same. We must prove that T ∈ UH(E, F ). Take x, y ∈ E + , it is clear that T (x ∨ y) ≥ T (x) ∨ T (y). Let E be a Dedekind completion of the vector lattice E, B(E) be a Boolean algebra of all bands of E and let Q be a Stone compact of B(E).
Consider the E as a vector sublattice of C ∞ (Q), where C ∞ (Q) is a Dedekind complete vector lattice of extended continuous real valued functions on Q. Let A := {t ∈ Q : x(t) ≥ y(t)}; B := {t ∈ Q : x(t) < y(t)}.
Then x ∨ y = f + h, where f = x1 A and h = y1 B , f ⊥h. Now we may write
T (x ∨ y) = sup{|T |g : |g| ≤ x ∨ y = f + h}.
By Riesz decomposition property there exist g 1 , g 2 ∈ E, so that g 1 ⊥g 2 , g 1 +g 2 = g, |g 1 | ≤ f , |g 2 | ≤ h. Consequently |T |g = |T |(g 1 + g 2 ) = |T |g 1 + |T |g 2 , where |T |g 1 ⊥|T |g 2 . Then we have |T |g = |T |g 1 + |T |g 2 = |T |g 1 ∨ |T |g 2 ≤ T (x) ∨ T (y).
Finally we deduce that T (x ∨ y) ≤ T (x) ∨ T (y). Let us see that T (x ∧ y) = T (x) ∧ T (y). Remark that under our assumptions T is also a disjointness preserving operator. Now we may write x ∧ y = x1 B + y1 A ; x = x1 B + x1 A ;
Then we have
Observe that T is an increasing operator in E + . Hence T (y1 B ) ∧ T (x1 B ) = T (x1 B ); T (y1 B ) ∧ T (x1 A ) = 0; T (y1 A ) ∧ T (x1 A ) = T (y1 A ); T (y1 A ) ∧ T (x1 B ) = 0.
And finally we have
T (x) ∧ T (y) = T (x1 B ) ∨ T (y1 A ) = T (x1 B ) + T (y1 A ) = T (x1 B + y1 A ) = T (x ∧ y).
